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Boundary conditions including sheath effects at a plasma-facing surface

C. A. Ordonez
Department of Physics, University of North Texas, Denton, Texas 76203-0368

~Received 22 July 1996; revised manuscript received 19 September 1996!

It has recently been reported that space-charge saturation occurs adjacent to almost every commonly used
plasma-facing material for plasma temperatures above;50 eV. An electron emission coefficient, defined as
the average number of surface-emitted electrons per incident plasma electron, which is near or above unity is
responsible for the occurrence of space-charge saturation. With this motivation, a fully kinetic self-consistent
theory capable of describing the plasma sheath under conditions of space-charge saturation is developed. The
theory is then used to obtain boundary conditions which are suitable for incorporation into computer programs
which simulate plasmas.@S1063-651X~97!02602-0#

PACS number~s!: 52.40.Hf
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I. INTRODUCTION

Computer programs including magnetohydrodynam
~MHD!, particle-in-cell ~PIC!, multifluid, and hybrid codes
which simulate plasma processes are being increasingly
corporated in simulations of plasma-based devices.
types of plasma-based devices which can be~or have been!
simulated by computer are diverse. Some examples
plasma-filled backward wave oscillators for producing hi
power microwaves@1#, plasma thrusters for space propulsi
@2#, plasma wind tunnels@3#, opening switches including
those of the compact toroid type@4#, thermionic converters
@5#, plasma antennas@6#, ‘‘table-top’’ x-ray lasers @7#,
electron-plasma-wave particle accelerators@8,9#, electron cy-
clotron resonance ion sources@10,11#, waste processors@12#,
rail guns @13#, MHD generators@14#, plasma reactors fo
processing materials@15,16#, and fusion reactors@17#. In ad-
dition, reentry vehicles and spacecraft in low earth or
should be mentioned@18,19#. Computer programs which
simulate plasma processes often require boundary condi
at plasma-surface interfaces. In this paper, boundary co
tions suitable for incorporation into such computer progra
are presented which include the effect of the plasma she
A plasma sheath forms next to a plasma-surface inter
and has a length scale~the Debye length! and a time scale
~the inverse electron plasma frequency! which are often
smaller than the length and time scales in computer sim
tions of macroscopic plasma processes. The plasma she
both non-neutral and non-Maxwellian and can have a s
stantial influence on particle and energy transport to
plasma-facing material surface. For example, in Ref.@20# the
effect of a plasma sheath on particle and energy flow to
electrically floating plasma-facing surface was reported. T
plasma-facing surface bounded a simple magnetic mi
used to confine a collisional hydrogen-isotope plasma.
plasma sheath was found to be responsible for reducing
energy flow to the plasma-facing surface by a factor of
compared to that which would occur without the presence
the plasma sheath.

The boundary conditions developed in the work presen
here are based on a fully kinetic self-consistent theoret
description of the plasma sheath. Fully kinetic sheath the
was initially developed by modeling the plasma-facing m
551063-651X/97/55~2!/1858~14!/$10.00
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terial surface as a particle sink@21#. The theory was later
extended to include a surface emitting zero-temperature e
trons @22#. Afterward, a surface emitting finite-temperatu
electrons was taken into account@23#. Fully kinetic sheath
theory has been developed by considering planar source
ions and electrons and evaluating the resulting phase-s
distributions for each. This type of fully kinetic planar sour
approach has also been used for evaluating axial transpo
the end region of a tandem mirror@24–28#.

Plasma near a solid material surface is normally divid
into two regions. The region closest to the material surfa
has been referred to as the Debye sheath, the colle
sheath, or simply, the sheath. The other region has been
ferred to as the presheath or the source sheath. The tw
gions together have also been referred to as the sheath. I
present work, the two regions are referred to as the sh
and the presheath. The boundary conditions presented
those that occur at the interface between the presheath
the sheath.~It should be mentioned that by incorporating th
boundary conditions at the interface between the presh
and the sheath into a plasma simulation, the presheath re
will naturally develop in the simulated plasma.! Depending
on the plasma process considered, electrons and ions w
the presheath can originate from a combination of mec
nisms including plasma diffusion perpendicular and para
to a magnetic field and ionization of gas atoms and m
ecules. A fundamental assumption in the fully kinetic plan
source approach to sheath theory is that all presheaths ca
adequately modeled as a collisionless plasma region whic
bounded on one side by a planar source of half-Maxwell
electrons and ions and on the other side by the preshe
sheath interface@21#. This fundamental assumption allow
for the plasma description both at the presheath-sheath in
face and at any location within the sheath to be se
consistently determined.

Most of the commonly used plasma-facing surface ma
rials have recently been found to have secondary elec
emission coefficients near or above 0.9 at moderate ed
plasma temperatures@29#. ~An edge plasma is defined a
present as a Maxwellian plasma which supplies ions
electrons to a presheath.! For example, the following mate
rials have secondary electron emission coefficients wh
reach 0.9 at the edge-plasma temperatures indicated~these
1858 © 1997 The American Physical Society
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55 1859BOUNDARY CONDITIONS INCLUDING SHEATH . . .
values are from Fig. 3 of Ref.@29#!: boron, 15 eV; carbon
42 eV; aluminum, 47 eV; silicon, 29 eV; titanium, 49 eV
iron, 35 eV; copper, 52 eV; molybdenum, 35 eV; and tun
sten, 53 eV. The edge-plasma temperature at which the
ondary electron emission coefficient reaches;0.9 is impor-
tant since the onset of space-charge saturation has
found to take place within the plasma sheath when the
ondary electron emission coefficient is;0.9 @23#. In Ref.
@23#, the sheath description is determined self-consiste
for a monotonically decreasing potential including the on
of space-charge saturation when the electric field is zer
the wall surface. Reference@23# provides a historical review
of sheath theory and a detailed comparison of the fully
netic approach with other approaches to sheath theory. In
present work, the sheath theory in Ref.@23# is extended by
self-consistently determining the sheath properties not o
for a monotonically decreasing potential but also for spa
charge saturation when the electric field is reversed near
wall surface and a potential minimum occurs within t
sheath.

One aspect of fully kinetic sheath theory, which make
difficult to use, is that evaluation of the sheath and preshe
potentials requires a numerical solution to a set of coup
nonlinear equations. Although boundary conditions can
evaluated in closed form, they are in terms of the sheath
presheath potentials. In order to provide for fast computa
of the boundary conditions, simple expressions are de
oped for the sheath and presheath potentials which inco
rate fits to numerically calculated values. The problem
considered in a four -dimensional phase space which con
of one spatial and three velocity dimensions with the spa
dimension normal to the plane of the plasma-facing surfa
The two velocity dimensions perpendicular to the spatial
mension are symmetric and the theory can, in principle,
reduced from three to two velocity dimensions without lo
of information.

The properties of a plasma sheath depend upon a num
of things, including plasma composition, ion charge-st
distribution, magnetic field angle with respect to the surfa
normal, plasma flow speed parallel to the surface,
charged-particle emission processes at the surface. The e
sion processes are affected by such things as surface
perature, composition, cleanness, roughness, electric fi
and magnetic fields. The plasma-facing material surface
be either a current-carrying anode or cathode, or it can e
trically float with respect to the plasma. Altogether, a co
plete theoretical description of a plasma sheath is extrem
difficult to achieve and some simplifying approximations a
necessary. In the present work, all ions are considere
have the same mass and charge state. The effect of a
netic field is not taken into account and no plasma flow p
allel to the material surface is considered. The sheath is
lisionless and bounded at a planar sheath-surface interfac
an electrically floating wall which absorbs all incident pa
ticles and emits only secondary and thermionic electrons

In Sec. II the planar source model is used to describe
transport of an individual species of charged partic
through three types of electric potential profiles und
steady-state, collisionless conditions. In order to avoid h
ing to consider the sign of the charged particles, the theor
developed in terms of potential energy profiles. The th
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potential energy profiles are illustrated in Fig. 1. In all thr
cases, a planar particle source is located atx0 which injects
particles with a half-Maxwellian velocity distribution into
the spatial region of interest. The spatial region of interes
located betweenx0 andxn and particles which reachx,x0 or
x.xn are considered lost from the region. The role of Sec
is to present derivations of expressions for phase-space
tribution functions and associated densities, fluxes, norm
ized temperatures, and energy fluxes for the three pote
energy profiles in Fig. 1. These expressions allow relati
for plasma electrons, plasma ions, and surface-emitted e
trons to be written in Sec. III without the need for individu
derivations for each particle species. In Sec. IV possi
electric potential profiles within the presheath and sheath
evaluated numerically. Three profiles, which are determin
self-consistently for a set of example plasma parameters
shown in Fig. 2.~The three electric potential profiles in Fig
2 do not correspond to the three potential energy profile
Fig. 1!. The three profiles in Fig. 2 represent the three p
sible electric potential profiles within a sheath adjacent to
electrically floating, electron-emitting, plasma-facing ma
rial surface. The profiles are given in order of increasi

FIG. 1. The particle potential energy profiles considered in S
II. A planar source of particles is located atx0 which emits particles
in the positive-x direction. For the potential energy curve shown
~a!, U(xm),U(xn),U(x0) and all particles originating atx0 travel
past xn . For the potential energy curve shown in~b!,
U(x0),U(xm), U(xn),U(xm), and a fraction of the particles
originating atx0 reach a turning point betweenx0 andxm and pass
back throughx0 . For this potential energy profile,U(xn),U(x0) is
also possible. For the potential energy curve shown in~c!,
U(xm),U(x0),U(xn), U(x0)5U(xr), and fraction of the par-
ticles originating atx0 reach a turning point betweenxr andxn and
pass back throughx0 .
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1860 55C. A. ORDONEZ
fluxes of emitted electrons from the plasma-facing mate
surface. The first profile, Fig. 2~a!, is a monotonically de-
creasing potential which occurs if, for example, the wall s
face emits no electrons. The second and third profiles, F
2~b! and 2~c!, occur in space-charge saturated sheaths.
tice that with a sufficient flux of emitted electrons, the ele
trically floating wall gains a positive potential with respect
the plasma. This phenomenon, which is illustrated in F
2~c!, has been experimentally observed@30#. For all three
profiles, half-Maxwellian plasma electrons and ions are
jected atxp while half-Maxwellian surface-emitted electron
are injected atxs . It should be mentioned that along with th
three profiles in Fig. 2, other electric potential profiles a
possible under conditions different from those considered
the present work. For example, if the plasma-facing mate
surface is a strong emitter of positive ions, a positive spa
charge region can be produced which leads to a profile w
an electric potential hill.

In Sec. III sets of relations describing the transport
each of the three particle species are given for each of
three electric potential profiles shown in Fig. 2. These set
relations are determined from the three sets of relations
sociated with the particle potential energy profiles shown
Fig. 1. The procedure used is illustrated with an examp
Suppose surface-emitted electrons, which are injected
the sheath atxs in Fig. 2, encounter an electric potenti
profile similar to that in Fig. 2~b!. The potential energy pro
file encountered by these electrons is qualitatively simila
that encountered by particles injected atx0 into the potential
energy profile illustrated in Fig. 1~b!. Consequently, the
phase-space distribution function, density, flux, normaliz
temperature, and energy flux derived in Sec. II for the pot
tial energy profile shown in Fig. 1~b! can be written imme-

FIG. 2. Illustrations of possible electric potential profiles~solid
curves! in the presheath and sheath for~a! no space-charge satura
tion, ~b! space-charge saturation and a surface floating pote
which is negative with respect to the edge plasma~at x<xp!, and
~c! space-charge saturation and a positive surface floating pote
Although not apparent as a result of the limited resolution of
plots, the electric field is zero atxp and xb . The dotted lines are
provided to guide the eye.
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diately in Sec. III for surface-emitted electrons with only
change in notation. It should be pointed out that the locati
x0 andxn in Fig. 1 correspond to the locationsxs andxp in
Fig. 2 only when considering surface-emitted electrons.
plasma electrons and plasma ions, the locationsx0 andxn in
Fig. 1 correspond to the locationsxp andxs in Fig. 2, since
plasma electrons and plasma ions are injected atxp .

In Sec. V boundary conditions at the presheath-sheath
terface are given both for sheaths in which space-cha
saturation does not occur and for sheaths in which spa
charge saturation does occur. Simple expressions for
presheath and sheath potentials are also provided for ea
these cases along with an expression which predicts
value of the electron emission coefficient at the onset
space-charge saturation. Section V is self-contained for e
referral. In Sec. VI brief discussions regarding the Chi
Langmuir equation and applicability of the work present
are given in consideration of the simplifying assumptio
used. This is followed by a concluding summary. Throug
out this paper the word ‘‘surface’’ refers to a material surfa
located at the interface between a plasma sheath and a
solid.

II. PLANAR SOURCE MODEL

In Fig. 1 a planar particle source is located atx0 which
injects particles in the positive-x direction. The injected-
particle velocity distribution function atx0 is written as
f 0(vx ,vy ,vz)U(vx) where the Heaviside step functionU is
included to indicate that only particles traveling in th
positive-x direction are injected atx0. As a result of the
conservation of energy and momentum, the initial velocity
the x direction of an injected particle atx0 is related to the
particle’s velocity in thex direction,vx , while the particle is
located at positionx by

v0x5S vx21 2@U~x!2U0#

m D 1/2, ~1!

whereU05U(x0) is the particle’s potential energy atx0 and
m is the particle mass. The phase-space distribution func
for the charged particles must satisfy the steady-state Vla
equation,

mvx
] f x~x,v!

]x
5

]U~x!

]x

] f ~x,v!

]vx
, ~2!

while taking into account inaccessible regions in pha
space. In terms of the injected-particle velocity distributio
the phase-space distribution function given
f (x,vx ,vy ,vz)5 f 0(v0x,vy ,vz) satisfies the steady-state Vla
sov equation wherev0x is replaced by the right-hand side o
Eq. ~1!.

For the first potential energy profile, Fig. 1~a!, the injected
particles encounter an asymmetric potential well. In the c
lisionless limit, all injected particles pass directly through t
region betweenx0 and xn and travel only in the positive-x
direction. Since all particles must have velocities in thex
direction greater thanA2@U02U(x)#/m, the phase-space
velocity distribution function is

f ~x,vx ,vy ,vz!5 f 0~v0x ,vy ,vz!

3UXvx2S 2@U02U~x!#

m D 1/2C. ~3!

ial

ial.
e
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55 1861BOUNDARY CONDITIONS INCLUDING SHEATH . . .
For the potential energy profile illustrated in Fig. 1~b!,
particles can be reflected betweenx0 andxm and then travel
pastx0 moving in the negative-x direction. Under conditions
of complete reflection,Um→`, the injected-particle and
reflected-particle parts of the phase-space distribution
tweenx0 and xm are symmetric. The only difference for
finite value forUm is that particles betweenx0 andxm with
velocities in the positive-x direction greater than
A2@Um2U(x)#/m are not reflected. Consequently, particl
traveling in the negative-x direction are restricted to veloci
ties greater than2A2@Um2U(x)#/m and the phase-spac
distribution function which describes the charged partic
betweenx0 andxm is

f ~x,vx ,vy ,vz!5 f 0~v0x ,vy ,vz!UXvx1S 2@Um2U~x!#

m D 1/2C
~x0,x,xm!. ~4!

In the region xm,x,xn particles are accelerated in th
positive-x direction and are restricted to velocities grea
thanA2@Um2U(x)#/m. Consequently, the phase-space d
tribution function in this region is

f ~x,vx ,vy ,vz!5 f 0~v0z ,vy ,vz!UXvx2S 2@Um2U~x!#

m D 1/2C
~xm,x,xn!. ~5!
tri

th

n.
e-

s

r
-

The third potential energy profile, Fig. 1~c!, causes the
particle velocity distribution at any location betweenx0 and
xr to occupy two separate velocity regions. One region
scribes particles moving in the positive-x direction. These
particles have a velocity in thex direction greater than
A2@U02U(x)#/m and are associated with the phase-sp
velocity distribution function,

f ~x,vx ,vy ,vz!5 f 0~v0x ,vy ,vz!UXvx2S 2@U02U~x!#

m D 1/2C
~x0,x,xr ,vx.0!. ~6!

The second region describes particles moving in
negative-x direction. These particles havevx values between
2A2@Un2U(x)#/m and2A2@U02U(x)#/m and are asso-
ciated with the phase-space distribution function,

f ~x,vx ,vy ,vz!5 f 0~v0x ,vy ,vz!

3UXvx1S 2@Un2U~x!#

m D 1/2C
3UX2vx2S 2@U02U~x!#

m D 1/2C
~x0,x,xr ,vx,0!. ~7!

Altogether, the phase-space distribution function for partic
betweenx0 andxr can be written as
f ~x,vx ,vy ,vz!5 f 0~v0x ,vy ,vz!F12UXvx1S 2@U02U~x!#

m D 1/2CUXS 2@U02U~x!#

m D 1/22vxCG
3UXvx1S 2@Un2U~x!#

m D 1/2C ~x0,x,xr !. ~8!
-

n

Notice that the velocity distribution atxr is the same as atx0
sinceU(xr)5U(x0). Consequently, the phase-space dis
bution function for particles betweenxr andxn is similar to
that given by Eq.~4!. It is

f ~x,vx ,vy ,vz!5 f 0~v0x ,vy ,vz!UXvx1S 2@Un2U~x!#

m D 1/2C
~xr,x,xn!. ~9!

For the three potential energy profiles shown in Fig. 1,
planar particle source located atx0 is now considered to in-
ject particles having a half-Maxwellian velocity distributio
The half-Maxwellian velocity distribution is

f 0~v!U~vx!5n0S b

p D 3/2e2bv2U~vx!, ~10!
-

e

whereb5m/(2T0), andn0 andT0 are the density and tem
perature~the latter in energy units! associated with the full-
Maxwellian velocity distributionf 0~v!. For the potential en-
ergy profile shown in Fig. 1~a!, the phase-space distributio
function is given by Eq.~3!. For half-Maxwellian injected
particles, the phase-space distribution is

f ~x,v!5n0S b

p D 3/2e2bv21c0xUXvx2S c0x

b D 1/2C, ~11!

wherec0x5[U02U(x)]/T0 . The particle density, particle
flux, normalized temperature, and energy flux are

n5E f d3v5 1
2n0G1~c0x!, ~12!
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F5E vxf d
3v5

n0

2Apb
, ~13!

T

T0
5
2b

3 F*v2f d3v
* f d3v

2S *vxf d
3v

* f d3v D 2G
511

2Ac0x /p

3G1~c0x!
2

2

3p@G1~c0x!#
2 , ~14!

and
Q5
1

2
mE v2vxf d

3v5
~21c0x!n0T0

2Apb
. ~15!

Here,G1(x)5exerfc~Ax!, where erfc is the complementar
error function.

For the potential energy profile shown in Fig. 1~b!, the
phase-space distribution function is given by Eqs.~4! and
~5!. With half-Maxwellian particles injected atx0, the distri-
bution function, density, flux, normalized temperature, a
energy flux are
i-

mperature,
f ~x,v!55
n0S b

p D 3/2e2bv22cx0UXvx1S cmx

b D 1/2C ~x0,x,xm!

n0S b

p D 3/2e2bv22cx0UXvx2S cmx

b D 1/2C ~xm,x,xn!,

~16!

n5H 1

2
n0e

2cm0G2~cmx! ~x0,x,xm!

1

2
n0e

2cm0G1~cmx! ~xm,x,xn!,
~17!

F5
n0e

2cm0

2Apb
, ~18!

T

T0
55 12

2Acmx /p

3G2~cmx!
2

2

3p@G2~cmx!#
2 ~x0,x,xm!

11
2Acmx /p

3G1~cmx!
2

2

3p@G1~cmx!#
2 ~xm,x,xn!,

~19!

and

Q5
~21cmx!n0T0e

2cm0

2Apb
, ~20!

wherecx05[U(x)2U0]/T0 , cmx5[Um2U(x)]/T0 , cm05[Um2U0]/T0 , andG2(x)5exerfc~2Ax!.
With half-Maxwellian particles injected atx0 into the potential energy profile shown in Fig. 1~c!, the phase-space distr

bution function is given by Eqs.~8! and ~9!. Since the velocity distribution at any location betweenx0 andxr occupies two
separate velocity regions, a separate temperature can be associated with each. In order to evaluate the normalized te
the phase-space distribution function given by Eq.~6!, which describes particles moving in the positive-x direction, is used.
The density, flux, and energy flux are found using the phase-space distribution function given by Eqs.~8! and~9!. The relations
are

f ~x,v!5H n0S b

p D 3/2e2bv21c0xF12UXvx1S c0x

b D 1/2CUXS c0x

b D 1/22vxCGUXvx1S cnx

b D 1/2C ~x0,x,xr !

n0S b

p D 3/2e2bv22cx0UXvx1S cnx

b D 1/2C ~xr,x,xn!,
~21!

n5H n0@G1~c0x!2 1
2e

2cn0G1~cnx!# ~x0,x,xr !

1

2
n0e

2cn0G2~cnx! ~xr,x,xn!,
~22!

F5
n0e

2cn0

2Apb
, ~23!
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T

T0
55 11

2Ac0x /p

3G1~c0x!
2

2

3p@G1~c0x!#
2 ~x0,x,xr ,vx.0!

12
2Acnx /p

3G2~cnx!
2

2

3p@G2~cnx!#
2 ~xr,x,xn!,

~24!

and

Q5
~21cnx!n0T0e

2cn0

2Apb
. ~25!

III. PRESHEATH AND SHEATH DESCRIPTION

The relations describing plasma electrons, plasma ions, and surface-emitted electrons within the presheath and
obtained directly from the expressions presented in Sec. II and are listed below. The notation used is as follows.
subscripts:p—edge-plasma–presheath interface;b—presheath-sheath interface;m—electric potential minimum;r—the loca-
tion in Fig. 2~c! where the electric potential equals that atxp ~xr is not shown in Fig. 2!; s—sheath-surface interface; an
x—location along thex coordinate. Two adjacent location subscripts means the difference in values at the two locatio
example,fms5fm2fs . Particle subscripts:e—plasma electrons;i—plasma ions; andd—surface-emitted electrons. Sym
bols:f—the electric potential;e—the unit charge; andZ—the ion charge state. Definitions:be5me/(2Tpe); b i5mi /(2Tpi);
bd5me/(2Tsd); ce5Ue/Tpe52ef/Tpe ; c i5Ui /Tpi5Zef/Tpi ; andcd5Ud/Tsd52ef/Tsd .

Plasma electrons within the potential profile shown in Fig. 2~a! are described by

f e~x,v!5npeS be

p D 3/2e2bev
22cxpeUXvx1S csxe

be
D 1/2C, ~26!

ne5
1

2
npee

2cspeG2~csxe!, ~27!

Fe5
npee

2cspe

2Apbe

, ~28!

Te
Tpe

512
2Acsxe/p

3G2~csxe!
2

2

3p@G2~csxe!#
2 , ~29!

and

Qe5
~21csxe!npeTpee

2cspe

2Apbe

. ~30!

Plasma electrons within the potential profiles shown in Figs. 2~b! and 2~c! are described by

f e~x,v!55
npeS be

p D 3/2e2bev
22cxpeUXvx1S cmxe

be
D 1/2C ~xp,x,xm!

npeS be

p D 3/2e2bev
22cxpeUXvx2S cmxe

be
D 1/2C ~xm,x,xs!,

~31!

ne5H 1
2npee

2cmpeG2~cmxe! ~xp,x,xm!
1
2npee

2cmpeG1~cmxe! ~xm,x,xs!,
~32!

Fe5
npee

2cmpe

2Apbe

, ~33!

Te
Tpe

55 12
2Acmxe/p

3G2~cmxe!
2

2

3p@G2~cmxe!#
2 ~xp,x,xm!

11
2Acmxe/p

3G1~cmxe!
2

2

3p@G1~cmxe!#
2 ~xm,x,xs!,

~34!
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and

Qe5
~21cmxe!npeTpee

2cmpe

2Apbe

. ~35!

Plasma ions within the potential profiles shown in Figs. 2~a! and 2~b! are described by

f i~x,v!5npiS b i

p D 3/2e2b iv
21cpxiUXvx2S cpxi

b i
D 1/2C, ~36!

ni5
1

2
npiG1~cpxi!, ~37!

Fi5
npi

2Apb i

, ~38!

Ti
Tpi

511
2Acpxi /p

3G1~cpxi!
2

2

3p@G1~cpxi!#
2 , ~39!

and

Qi5
~21cpxi!npiTpi

2Apb i

. ~40!

Plasma ions within the potential profile shown in Fig. 2~c! are described by

f i~x,v !55
npiS b i

p D 3/2e2b iv
21cpxiF12UXvx1S cpxi

b i
D 1/2CUXS cpxi

b i
D 1/22vxCGUXvx1S csxi

b i
D 1/2C ~xp,x,xr !

npiS b i

p D 3/2e2b iv
22cxpiUXvx1S csxi

b i
D 1/2C ~xr,x,xs!,

~41!

ni5H npi@G1~cpxi!2 1
2e

2cspiG1~csxi!# ~xp,x,xr !
1
2npie

2cspiG2~csxi! ~xr,x,xs!,
~42!

Fi5
npie

2cspi

2Apb i

, ~43!

Ti
Tpi

55 11
2Acpxi /p

3G1~cpxi!
2

2

3p@G1~cpxi!#
2 ~xp,x,xr ,vx.0!

12
2Acsxi /p

3G2~csxi!
2

2

3p@G2~csxi!#
2 ~xr,x,xs!,

~44!

and

Qi5
~21csxi!npiTpie

2cspi

2Apb i

. ~45!

For the description of surface-emitted electrons, particle and energy fluxes are defined as positive in the negative-x direction.
Surface-emitted electrons within the potential profile shown in Fig. 2~a! are described by

f d~x,v!5nsdS bd

p D 3/2e2bdv
21csxdUXvx2S csxd

bd
D 1/2C, ~46!

nd5
1

2
nsdG1~csxd!, ~47!
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Fd5
nsd

2Apbd

, ~48!

Td

Tsd
511

2Acsxd /p

3G1~csxd!
2

2

3p@G1~csxd!#2
, ~49!

and

Qd5
~21csxd!nsdTsd

2Apbd

. ~50!

Surface-emitted electrons within the potential profiles shown in Figs. 2~b! and 2~c! are described by

f d~x,v!55
nsdS bd

p D 3/2e2bdv
22cxsdUXvx2S cmxd

bd
D 1/2C ~xp,x,xm!

nsdS bd

p D 3/2e2bdv
22cxsdUXvx1S cmxd

bd
D 1/2C ~xm,x,xs!,

~51!

nd5H 1
2nsde

2cmsdG1~cmxd! ~xp,x,xm!
1
2nsde

2cmsdG2~cmxd! ~xm,x,xs!,
~52!

Fd5
nsde

2cmsd

2Apbd

, ~53!

Td

Tsd
55 11

2Acmxd /p

3G1~cmxd!
2

2

3p@G1~cmxd!#2
~xp,x,xm!

12
2Acmxd /p

3G2~cmxd!
2

2

3p@G2~cmxd!#2
~xm,x,xs!,

~54!
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Qd5
~21cmxd!nsdTsde

2cmsd

2Apbd

. ~55!

Secondary electron emission occurs when an elec
strikes a material surface and causes an ejection of on
more electrons from the surface. This emission proces
characterized by the electron emission coefficientd which
equals the average ratio of electrons emitted from the sur
to electrons incident on the surface. A relation for second
electron emission suitable for a plasma-facing surface w
space-charge saturation is not present within the shea
@29#

d~Tpe!5
2.6dmax
Apr 3

E
0

` e7/6~213e!e2e/r

~11e!2
de, ~56!

where r50.72Tpe/Emax, and dmax and Emax are material-
dependent constants.~Values fordmax andEmax are found,
for example, in Ref.@31#.! When space-charge saturation
present within the sheath,
n
or
is

ce
ry
n
is

d~Tpe ,cmse!5
2.6dmaxe

cmse

Apr 3G1~cmse!
E
rcmse

`

e1/6

3e2e/rF 314Arcmsee

~11Arcmsee!2
2

314e

~11e!2Gde

~57!

provides a suitable relation for secondary electron emiss
@29#.

The gross flux of emitted electrons at the material surfa
Fgd , is given by Eq.~48!. Consequently, the source densi
of surface-emitted electrons is

nsd52ApbdFgd . ~58!

For secondary electron emission,

Fgd5dFe , ~59!

whereFe is the net flux of plasma electrons~which is the
same at any location with the presheath and sheath! striking
the surface. Note that the return of secondary electrons to
surface within a space-charge saturated sheath is not co
ered to result in additional secondary electron emission. O
plasma electrons~which normally will have much larger en
ergies! which strike the surface are considered to produ
secondary electrons. For thermionic electron emission,
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gross electron flux leaving the surface is given by
Richardson-Dushman equation,

Fgd5ATsd
2 e2F/Tsd, ~60!

whereF is the work function of the plasma-facing surface
temperatureTsd and A is a material-dependent constan
~Values forA are found, for example, in Ref.@32#.! In order
to use the same description for both secondary electron e
sion and thermionic electron emission, Eqs.~58! and ~59!
can be combined to give

nsd52ApbddFe , ~61!

where, for thermionic electrons,

d5
ATsd

2 e2F/Tsd

Fe
~62!

should be used while for secondary electrons, Eqs.~56! and
~57! are suitable.

IV. EVALUATION OF THE SHEATH
AND PRESHEATH POTENTIALS

A number of conditions are implemented in order
evaluate the sheath and presheath potentials. The first
conditions are that the total current density to the electric
floating surface is zero~for a steady-state solution! and that
the charge density at the presheath-sheath interface is
The third condition is that the spatial integral of the char
density in the presheath is zero. This requires the presh
to be globally quasineutral. It should be noted, however, t
a manifestation of the presheath model used here is tha
presheath is not locally quasineutral except at the preshe
sheath interface. The fourth condition, which applies o
when space-charge saturation takes place within the sh
is that the electric field at the electric potential minimum
zero.

The first condition, zero current density, requir
ZFi5Fe2Fd . With Eqs. ~28!, ~33!, ~38!, ~43!, ~48!, ~53!,
and ~61!, this condition provides the relations

a5e2cspe~12d!S h

t i
D 1/2, ~63!

a5e2cmpe~12de2cmsd!S h

t i
D 1/2, ~64!

and

a5ecspi2cmpe~12de2cmsd!S h

t i
D 1/2, ~65!

which correspond to the potential profiles shown in Fi
2~a!, 2~b!, and 2~c!, respectively. Here,a5Znpi/npe is a pa-
rameter called the neutralization factor@21#, h5mi /me , and
t i5Tpi/Tpe .

In order to implement the second and third conditions,
charge densityr5e(Zni2ne2nd) betweenxp and xb is
needed. The charge density can be written as a set of t
relations in terms ofa corresponding to the three potenti
e
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profiles using Eqs.~27!, ~28!, ~32!, ~33!, ~37!, ~42!, ~47!,
~52!, and ~61!. Substituting fora the right-hand sides from
Eqs.~63!–~65! provides

2recspe

enpe
5~12d!S h

t i
D 1/2G1~cpxi!2G2~csxe!

2
d

Atd

G1~csxd!, ~66!

2recmpe

enpe
5~12de2cmsd!S h

t i
D 1/2G1~cpxi!2G2~cmxe!

2
d

Atd

e2cmsdG1~cmxd!, ~67!

2recmpe

enpe
5~12de2cmsd!S h

t i
D 1/2@2ecspiG1~cpxi!2G1~csxi!#

2G2~cmxe!2
d

Atd

e2cmsdG1~cmxd!, ~68!

wheretd5Tsd/Tpe . The second condition, zero charge de
sity at the presheath-sheath interface, requires the right-h
sides of the above relations to equal zero atxb . This is writ-
ten as

~12d!S h

t i
D 1/2G1~cpbi!5G2~csbe!1

d

Atd

G1~csbd!,

~69!

~12de2cmsd!S h

t i
D 1/2G1~cpbi!

5G2~cmbe!1
d

Atd

e2cmsdG1~cmbd!, ~70!

and

~12de2cmsd!S h

t i
D 1/2@2ecspiG1~cpbi!2G1~csbi!#

5G2~cmbe!1
d

Atd

e2cmsdG1~cmbd!. ~71!

The third condition, that the spatial integral of the char
density in the presheath is zero, requires zero electric fie
at xp and xb . With no electric fields at the edge-plasma
presheath interface and at the presheath-sheath interfa
can be shown@see, for example, Eq.~36! of Ref. @22## that
*fp

fbrdf50 or, equivalently,*cpe

cberdcxe50. Consequently,

with Eqs.~66!–~68!, the third condition requires



ld at the
en the
cept that

55 1867BOUNDARY CONDITIONS INCLUDING SHEATH . . .
~12d!S h

t i
D 1/2E

cpe

cbe
G1~cpxi!dcxe5E

cpe

cbe
G2~csxe!dcxe1

d

Atd
E

cpe

cbe
G1~csxd!dcxe , ~72!

~12de2cmsd!S h

t i
D 1/2E

cpe

cbe
G1~cpxi!dcxe5E

cpe

cbe
G2~cmxe!dcxe1

d

Atd

e2cmsdE
cpe

cbe
G1~cmxd!dcxe , ~73!

~12de2cmsd!S h

t i
D 1/2F2ecspiE

cpe

cbe
G1~cpxi!dcxe2E

cpe

cbe
G1~csxi!dcxeG

5E
cpe

cbe
G2~cmxe!dcxe1

d

Atd

e2cmsdE
cpe

cbe
G1~cmxd!dcxe . ~74!

Since the electric field is zero at the presheath-sheath interface, the fourth condition, which requires the electric fie
electric potential minimum to be zero, is equivalent to requiring the spatial integral of the charge density betwe
presheath-sheath interface and the potential minimum to be zero. Hence the fourth condition is similar to the third ex
it applies only to the profiles shown in Figs. 2~b! and 2~c! and that it applies betweenxb andxm . Using Eqs.~67! and~68! for
the charge density betweenxb andxm , the fourth condition requires

~12de2cmsd!S h

t i
D 1/2E

cbe

cme
G1~cpxi!dcxe5E

cbe

cme
G2~cmxe!dcxe1

d

Atd

e2cmsdE
cbe

cme
G1~cmxd!dcxe , ~75!

~12de2cmsd!S h

t i
D 1/2F2ecspiE

cbe

cme
G1~cpxi!dcxe2E

cbe

cme
G1~csxi!dcxeG

5E
cbe

cme
G2~cmxe!dcxe1

d

Atd

e2cmsdE
cbe

cme
G1~cmxd!dcxe . ~76!
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The integrals in Eqs.~72!–~76! are given by the two in-
definite integrals

E G1~x!dx5G1~x!12S xp D 1/2 ~77!

and

E G2~x!dx5G2~x!22S xp D 1/2 ~78!

along withc i52Zce/t i andcd5ce/td . The electric poten-
tial at one location must also be defined. Hereafter, the e
tric potential at the presheath-sheath interface shall be
fined as zero,cbe50. With cbe50, cse gives the normalized
sheath potential drop~as a positive value for a monotonical
decreasing potential! andcpe gives the normalized preshea
potential drop~as a negative value!. For a monotonically
decreasing potential@Fig. 2~a!#, Eqs.~69! and~72! are solved
simultaneously for the two unknown parameters,cpe and
cse. For a space-charge saturated sheath, the three unkn
parameters,cpe , cme, andcse are solved simultaneously us
ing Eqs. ~70!, ~73!, and ~75! if the surface has a negativ
floating potential with respect to the edge plasma and E
~71!, ~74!, and ~76! if the surface has a positive floatin
potential. In order to determine the transition from the pot
tial profile in Fig. 2~a! to that in Fig. 2~b! ~this transition
occurs at the onset of space-charge saturation!, Eqs. ~70!,
~73!, and~75! are solved simultaneously ford, cpe , andcse
c-
e-

wn

s.

-

under the conditioncme5cse. In order to determine the
transition from the potential profile in Fig. 2~b! to that in Fig.
2~c!, Eqs.~70!, ~73!, and~75! are solved simultaneously fo
d, cpe , andcme under the conditioncse5cpe .

Once the values for the normalized potentials are kno
the profile of the electric potential within the presheath a
sheath is evaluated using Poisson’s equation. The proce
is outlined in Ref.@22#. Equation~39! of Ref. @22# is written
here as

x

lD~p!
5E

cpe

cxeF E
cpe8

cxe8 2r~cxe9 !

enpe
dcxe9 G21/2

dcxe8

~xp,x,xm!, ~79!

wherexp50, lD(p) is the Debye length in the edge plasm
and 2r(cxe9 )/(enpe) is given by Eqs.~66!–~68!. The inner
integral of this relation is evaluated in closed form while t
outer is evaluated numerically. The results are then inve
to obtaincxe as a function ofx. Figure 2 shows actual self
consistent calculations of different electric potential profile
@The vertical dimensions are different for each of the th
profiles shown in Fig. 2. The horizontal dimensions are
same, however, and the width of the curve in Fig. 2~a! is
27lD(p)#. The profiles are calculated for a thermal~ti51!
hydrogen~Z51,h51836! plasma which is bounded by a
electron-emitting surface~with td50.2!. The profiles are
shown in order of increasing values for the electron emiss
coefficient: d50 for Fig. 2~a!, d515 for Fig. 2~b!, and
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1868 55C. A. ORDONEZ
d51000 for Fig. 2~c!. The values for the normalized poten
tials calculated for each of the profiles arecpe520.34 and
cse52.5 for Fig. 2~a!; cpe520.43, cme50.29, and
cse520.28 for Fig. 2~b!; andcpe520.53, cme50.31, and
cse521.1 for Fig. 2~c!. The onset of space-charge saturati
occurs atd50.88, cpe520.43, andcme5cse50.29 while
the transition from a negative to a positive surface float
potential occurs atd531,cpe5cse520.43, andcme50.29.

V. BOUNDARY CONDITIONS

The boundary conditions provided in this section a
those which occur at the presheath-sheath interface. Thi
cation is both quasineutral and electric-field-free. For br
ity, location subscripts are not used in this section sin
quantities which were previously location dependent are n
only considered at the presheath-sheath interface.
boundary conditions at the presheath-sheath interface ar
pressure termŝv y

2&, ^v z
2&, and^v x

2&2^vx&
2, the plasma flow

velocity ^vx&, and the energy flow term̂v2vx&. Using rela-
tions from Sec. III, the boundary conditions are written
terms of the electron and ion plasma temperatures~Te and
Ti! at the presheath-sheath interface, the temperature~Td!
associated with electrons emitted at the plasma-facing
face, the ratio~ti! of ion to electron plasma temperatures
the edge plasma, the normalized presheath~cpe!, sheath
~cse!, and minimum~cme! potentials, the electron and io
masses~me andmi!, and the ion charge state (Z). Using
relations in Sec. IV, the normalized potentials are evalua
numerically and the values obtained are fit in terms ofZ, ti ,
the electron emission coefficient~d!, which equals the ratio
of surface-emitted electron flux to plasma electron flux in
dent on the surface, the ratio~h! of ion-to-electron mass, an
the ratio ~td! of the temperature associated with electro
emitted at the surface to the electron plasma temperatu
the edge plasma. Of the three types of electric potential p
files shown in Fig. 2, the third is expected to be rare sin
for td<0.1, the electron emission coefficient must be ve
large,d.103, to produce the type of potential profile show
in Fig. 2~c! ~with ti;1!. For this reason, only boundary con
ditions for the electric potential profiles shown in Figs. 2~a!
and 2~b! are presented. Also, all calculations of normaliz
potentials are carried out using the sametd value,td50.01.
This is appropriate since, fortd<0.1, the normalized poten
tials are essentially independent oftd .

For use of the boundary conditions,ti is the only nonlocal
parameter needed. The value forti should be evaluated a
one of two possible locations depending on which of the t
has a shorter path length to the wall surface~the path length
should be along a magnetic field line if a magnetic field
present!. One location is an ion mean free path away fro
the wall surface while the other location is where the ma
mum temperature occurs along the magnetic field line. T
first of these two locations applies when no magnetic field
present or when the source of presheath ions is predo
nantly either ionization or diffusion parallel to a magne
field; the second method applies when diffusion perpend
lar to a magnetic field provides most of the presheath io

Two of the boundary conditions, the second and th
pressure terms, can be written in terms of another bound
condition, the first pressure term. They are^v z

2&5^v y
2& and
g
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-
e
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^vx
2&2^vx&

25
3T

m
22^vy

2&. ~80!

The other boundary conditions are determined separately
plasma electrons, plasma ions, and surface-emitted elect
~For surface-emitted electrons,^vx&d and^v2vx&d are defined
as positive in the negative-x direction.! For the electric po-
tential profile shown in Fig. 2~a!, the boundary conditions ar

^vy
2&e5

Te

mexse

, ~81!

^vx&e5
A2^vy

2&e /p

ecseerfc~2Acse!
, ~82!

^v2vx&e52~21cse!^vy
2&e^vx&e , ~83!

^vy
2& i5

Ti
mixpi

, ~84!

^vx& i5
A2^vy

2& i /p

ecpierfc~Acpi!
, ~85!

^v2vx& i52~21cpi!^vy
2& i^vx& i , ~86!

^vy
2&d5

Td

me
, ~87!

^vx&d5
A2^vy

2&d /p

ecsderfc~Acsd!
, ~88!

and

^v2vx&d52~21csd!^vy
2&d^vx&d , ~89!

where the following definitions are used:

xse512
2Acse/p

3ecseerfc~2Acse!
2

2

3p@ecseerfc~2Acse!#
2

' ln~2.51cse
0.042!, ~90!

xpi511
2Acpi /p

3ecpierfc~Acpi!
2

2

3p@ecpierfc~Acpi!#
2

' ln~2.05cpi
20.013!, ~91!

cpi52Zcpe/t i , andcsd5Tecse/(Tdxse). The approxima-
tions for xse and xpi are accurate to within 2% fo
0.1,cse,10 and 0.01,cpi,100, respectively. For the nor
malized sheath and presheath potentials, the following
expressions are recommended:

cse5 ln@0.2725~12d!Aht i
20.092Z20.44#, ~92!

cpe52 lnF1.43S Zt i D
0.195G . ~93!
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These expressions are fits to numerically determined va
using the values 1, 10, and 100 times the proton-to-elec
mass ratio~1836! for h; 1

3, 1, and 3 forti ; 1, 2, and 3 forZ;
and 0 and12 for d. The numerically determined values we
calculated using all possible combinations ofh, ti , Z, andd
except combinations which simultaneously involvedZ.1
and h51836. The expressions forcse and cpe agree to
within 4% and 7%, respectively, with the numerically dete
mined values. Notice that the relation for the sheath poten
has the usual ln@~12d!Ah# dependence given elsewhe
@33,34#.

The onset of space-charge saturation and the corresp
ing transition from a monotonically decreasing potent
@e.g., Fig. 2~a!# to a potential profile with a potential mini
mum @e.g., Fig. 2~b!# takes place if the electron emissio
coefficient reaches a sufficiently large value. A suitable
pression which provides the value of the electron emiss
coefficient at the transition between profiles is

dc5127.7t i
0.1S Zh D 1/2. ~94!

This expression is a fit to values determined numerically
the same combinations ofh, ti , andZ which were used for
thecse andcpe fits. Thedc fit is remarkably accurate, bein
within 0.1% of the numerically determined values.

If the electron emission coefficient, as determined us
Eq. ~56!, for example, is larger thandc , boundary conditions
associated with the potential profile shown in Fig. 2~b!
should be used. For the potential profile shown in Fig. 2~b!,
the boundary conditions are the same as those for Fig.~a!
except with subscripts replaced by subscriptm. For the
normalized sheath minimum and presheath potentials u
space-charge saturation conditions@Fig. 2~b!#, the following
two expressions are recommended:

cme5 ln~1.63h0.01! ~95!

and

cpe52 lnF1.51S Zt i D
0.209G . ~96!

These two expressions agree to within 5% and 6%, res
tively, with numerically determined values using the com
nations ofh, ti , andZ used for thedc fit along with d5dc
and 10. Note that these expressions are independent ofd for
d>dc . Thus a specific relation for the electron emission c
efficient under conditions of space-charge saturation@e.g.,
Eq. ~57!# is not needed for calculating the associated bou
ary conditions. It should also be mentioned that trapping
slow charge-exchange ions within the potential well s
rounding the potential minimum has been found to be
sponsible for reducing space-charge saturation@30#. When
that is the case, it is probable that the sheath potential pr
is adequately described by using an effective electron em
sion coefficient which is smaller than the actual one. If
then for situations in whichd.dc , the boundary conditions
presented here are unaffected by ion trapping since
sheath minimum and presheath potentials are not depen
ond. Nevertheless, a more detailed study of the effects of
trapping on space-charge saturation appears warranted.
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VI. DISCUSSION AND CONCLUDING SUMMARY

It is illustrative to consider the limit imposed on the n
surface-emitted electron current density as a result of sp
charge saturation. This limit is traditionally calculated usi
the Child-Langmuir equation@35#

JCL5
4

9 S 2eme
D 1/2S e0V

3/2

d2 D . ~97!

The Child-Langmuir equation is derived considering a pla
electron-emitting cathode situated a distanced from a planar
anode in vacuum. The magnitude of the potential differen
between the cathode and anode isV. The derivation is car-
ried out employing a zero-electric-field boundary conditi
at the cathode surface. This boundary condition occurs at
onset of space-charge saturation. The Child-Langmuir eq
tion can be applied to a plasma sheath adjacent to an ele
cally floating surface by settingV equal to the sheath poten
tial andd equal to a few Debye lengths@36#. This requires
substituting V52fs5Tpecse/e and d5NlD(p)
5N(e0Tpe/npee

2)1/2 into Eq. ~97!. The result is

JCL5
4

9N2 S 2Tpeme
D 1/2enpecse

3/2. ~98!

A relation which can be compared with Eq.~98! is derived
by combining Eqs.~33!, ~53!, and~61!. UsingJd5eFd , the
net current density of surface-emitted electrons travel
away from the surface is

Jd5
1

2Ap
S 2Tpeme

D 1/2enpede2~cme /td2cse /td1cme2cpe!.

~99!

At the onset of space-charge saturation,d5dc andcse5cme.
With dc , cme, andcpe given by Eqs.~94!–~96! and using the
same combinations of values forh, ti , andZ as used for the
fits, Eqs.~98! and~99! are found to agree to within 37% fo
N51.6. This value forN is about half the value~N53! used
in Ref. @36#. The agreement between Eqs.~98! and ~99! for
the spectrum of values used forh, ti , andZ is indicative of
the weak dependencedc , cme, andcpe have onh, ti , andZ
under space-charge saturation conditions.

Because the sheath theory developed in the present w
only considers an electrically floating plasma-facing mate
surface, it is not suitable for evaluating the current limit d
to space-charge saturation for a current-carrying catho
Other limitations of the present work are associated with
simplifying assumptions used. For example, the effect o
magnetic field is not taken into account. Consequently,
use with magnetized plasmas, the boundary conditions
sented in Sec. V are suited to situations where the magn
field intersects a plasma-facing surface at normal inciden
This is not typically the case~e.g., for fusion plasmas! and a
future extension of the theory is needed which incorpora
the effect of a magnetic field which has an oblique inciden
Another limitation of the present work is associated w
low-temperature plasmas where large numbers of cha
exchange reactions can occur in the edge plasma and wh
variety of ion masses can simultaneously exist. Both of th
effects can influence particle and energy transport thro
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the presheath and sheath. If these two effects can be ign
then the boundary conditions given by Eqs.~81!–~89! with
the normalized presheath and sheath potentials given by
~92! and~93! should be suitable for low-temperature plasm
where small values of the electron emission coefficient e
~d,dc!. For a situation where plasma flows parallel to t
plasma-facing surface, two conditions are necessary for
boundary conditions to be suitable for use. First, the
thermal speed should be much larger than the plasma
speed. Second, the time scale over which plasma param
change adjacent to a plasma-facing material surface as
sult of the plasma flow should be much larger than the she
time scale given by the inverse electron plasma frequenc
should be mentioned that the utility of the boundary con
tions presented in Sec. V shall be more thoroughly explo
once they are incorporated into a computer program wh
simulates plasma processes@37#.

In summary, a fully kinetic self-consistent theory capab
of describing the plasma sheath under conditions of sp
charge saturation has been presented. The phase-space
bution functions for each species of particles have b
evaluated and velocity moments have been taken in orde
obtain particle densities, fluxes, temperatures, and en
fluxes. The electric potential profile has been determin
self-consistently for three different types of profiles. The
are a monotonically decreasing potential, a single-minim
potential associated with a negative surface floating po
tial, and a single-minimum potential associated with a po
tive surface floating potential. The electron emission requ
ments for production of the third potential profile were fou
to be severe. For this reason, boundary conditions have
provided only for the first two of the three potential profile
Boundary conditions on velocity moments have been s
plied for three separate species: plasma electrons, pla
rd
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ions, and surface-emitted electrons. These boundary co
tions can be combined as needed for use in multifluid a
single-fluid ~MHD! applications. The boundary condition
are in terms of sheath and presheath potential drops
simple expressions have been provided for these pote
drops. Once the potential drop expressions are inserted
the boundary conditions, the boundary conditions are
terms of the three species’ temperatures,ti , the ion-to-
electron plasma temperature ratio,Z, the ion charge state,h,
the ion-to-electron mass ratio, andd, the electron emission
coefficient.

In order to determine the value ofd at which the transition
between the first two potential profiles occurs, the followi
expression was developed:dc5127.7t i

0.1AZ/h. This ex-
pression gives the value of the electron emission coeffic
at the onset of space-charge saturation. Ford,dc , the fol-
lowing expressions are recommended for the sheath
presheath potentials normalized to the electron-plasma t
perature: ln@0.2725~12d!Aht i

20.092Z20.44# and ln@1.43(Z/
t i)

0.195#. For d>dc , recommended expressions for the no
malized sheath minimum and presheath potentials are,
spectively, ln~1.63h0.01! and ln@1.51(Z/t i)

0.209#. The condi-
tions these expressions fordc and the normalized potentia
are expected to be suitable for are a temperature assoc
with the emitted electrons which is less than one-tenth t
associated with the plasma electrons; 1/3<ti<3; 1<Z<3;
and 1836<h<10031836.
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